In this paper we establish weaker characteristic conditions of the operator t and c give some new results of invariant operators, basic sequences, and expansion theorem. ᮊ
INTRODUCTION w x
In this paper, we will follow Roman 1 and investigate the characteristic conditions of the operators t and and establish some new results of c y invariant operators, basic sequences, and expansion theorem. w x For the sake of simplicity, we use the same notions and notations as 1 . w x Roman 1 gave the characteristic conditions of the operator t : Let be for all x and constants y. Ž . In Section 2, we will point out that condition 1.1 for all constants y can be weakened as there exist a constant y which is not equal to 0 and a root 0 Ž . of unity such that 1.1 holds.
Ž . Ž . We will also weaken condition 1.2 and prove that if 1.2 holds for one constant y satisfying that y is not equal to 0 and for a root of unity then 0 0
In Section 3 we will investigate invariant operators. We will prove that if Ž an operator can commute with one of the operators a is not equal to a . 0 and a root of unity , i.e.,
then is an invariant operator. We also point out that the set of all invariant operators is a ring which is an algebra isomorphism with the ring of sequences of constants.
In Section 4, we will establish a reverse result of the expansion theorem.
BASIC RESULTS
The following theorem considerably weakens the conditions of Theorem w x 2.4 of 1 . 
hold for all x. w x Proof. In view of Theorem 2.5 of 1 , we only need to prove the ''if'' Ž . w x part. Now, assume 2.5 is true. Using the proof of 1, Theorem 2.5 , but w x applying our Theorem 2.1 instead of Theorem 2.4 of 1 , we can prove L s t for some admissible c c and
Ž . Applying the functional L to the two sides of 2.5 gives
Ž .
Setting n s 0 in the above gives
Similarly, setting n s 1, we get
By induction, we can easily deduce 
ON THE INVARIANT OPERATORS
The following theorem establishes a characteristic condition of an invariant operator . 
where ⑀ is e¨aluation at x s 1.
In the following, we will establish a partial reverse result of the expansion theorem of the invariant operator . Ž . Ž . Ž . 
Observing that
is a polynomial of degree n y 1 on variable y, and comparing the coeffin Ž . Ž . cient of y on the two sides of 4.7 , we obtain a y is polynomial of n Ž . degree n. From 4.7 we also obtain 
Ž . The author guesses that this problem is positive.
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